, and ep → e∆ → epπ 0 [10] are studied aimed at the precise extraction of the EM form factor of proton in the time-like region, EM form factor of pion in the space-like region, and EM transition form factors of γ * N∆ in the space-like region from the experimental data.
Experimentally, the extraction of the EM form factor of pion via eπ → eπ is limited at very small Q 2 with Q 2 ≡ −q 2 and q the four momentum transfer because there is no free pion target. The electromagnetic production of pion in ep → enπ + is usually used to extract the EM form factor of pion [11] [12] [13] [14] [15] . It is a natural question that how large the TPE contributions in this process and how large their corrections to the extracted EM form factor of pion are. In this work, we estimate the TPE contributions in this process within the hadronic model and analyse the TPE corrections to the separated cross sections which are used to determine the EM form factor of pion.
We organize the paper as follows. In Sec. II we describe the basic formulas of our calculation under the pion dominance approximation, in Sec. III we express the physical amplitude as a sum of two invariant amplitudes and discuss the IR property of the TPE amplitude, in Sec. IV we express the unpolarized differential cross section by the coefficients of the invariant amplitudes, in Sec. V we present the numerical results for the TPE corrections to the amplitude, to the unpolarized differential cross section and to the separated cross section σ L,T,LT,TT . The detailed discussion on these numerical results and the conclusion from these numerical results are also given.
II. BASIC FORMULA FOR ep → enπ +
Under the one-photon exchange (OPE) approximation, the ep → enπ + process can be separated into two subprocesses e → eγ * and γ * p → nπ + showed in Fig. 1 where we label the momenta of initial electron, initial proton, final electron, final pion and final neutron as p 1, 2, 3, 4, 5 and for simplicity we define the following five independent Lorentz invariant variables s ≡ (p 1 + p 2 ) 2 , Q 2 ≡ −(p 1 − p 3 ) 2 , W ≡ (p 4 + p 5 ) 2 , t ≡ (p 2 − p 5 ) 2 and p 14 ≡ p 1 · p 4 .
The dynamics of the subprocess e → eγ * is clear while the dynamics of the subprocess γ * p → nπ + is very complex. In this work we limit our discussion on the momenta region with Q 2 small, −t ∼ 0 and W far away from the resonances. In this region, one can estimate the subprocess γ * p → nπ + in the hadronic level as an approximation and can expect that the π exchange diagram showed in Fig. 2 (a) may give the most important contribution due to the large enhancement from the pion propagator. In Fig.   2 , the s-channel diagram is also presented to keep the gauge invariance. The unpolarized differential cross section at small −t is usually used to determine the EM form factor of pion. Different from eπ + → eπ + process where the EM form factor of pion can be extracted from the total cross section directly, the EM form factor can not be extracted directly from the unpolarized differential cross section of ep → enπ + and should be extracted via the angle dependence of the unpolarized differential cross section. The TPE contributions may change the angle dependence of the unpolarized differential cross section and then effect the extraction of the EM form factor in an indirect and nontrivial way. When go to discuss the TPE effects, the contributions from the corresponding TPE diagrams showed in Fig. 3 should be considered.
We use the interactions constructed in Ref. [16] to describe the interactions between the pion and the photon. A little different from eπ + → eπ + process, to keep the gauge invariance the interactions between the photon and the proton should be also included.
The interaction between pion, proton and neutron is simply taken as iso-scalar type.
When taking Feynman gauge and limiting the discussion on the small −t, the contri- butions from the diagrams Fig. 2 (a) and Fig. 3 (a,b,c) are the most important in the OPE and TPE levels, respectively. Since we are only interested in the property of the TPE contributions or the ratio of the TPE contributions to the OPE contributions, in the following discussion we only consider the contributions from Fig. 2 (a) and Fig. 3 (a,b,c).
Such simplification has an advantage that the TPE contributions have a very simple form in the amplitude level.
Taking Feynamn gauge, one has with
and
where e = −|e|, q ≡ p f − p i and f (q 2 ) describes the EM form factor of pion F π (q 2 ) and has the relation
III. THE IR DIVERGENCE OF THE AMPLITUDE
Generally, the amplitudes given in Eq. (1) can be expressed in the following simple form.
with
The coefficients c
1,2 can be easily gotten which are expressed as
with α e ≡ e 2 /4π.
When taking the approximation m e = 0 one has c (2γ) 2 = 0 due to the symmetry and our numerical results also show this property. The expressions for c
1,2 are complex even the form factor f (k 2 ) is taken as a simple monopole form. A general property is that there is only IR divergence in c (2γ)
1 . The detailed analysis shows that the IR divergence comes from diagrams Fig. 3 (a,b) and the corresponding pure IR divergence [17] in c (2γ) 1 in the dimensions regularization can be expressed as
with a ≡ 2p 14 + Q 2 + t − m 2 π . The above IR divergence should be included in any experimental data analysis when the real radiative corrections are included.
In ep → ep process, the contribution from the TPE diagrams under the soft momentum approximation which includes the IR divergence is usually estimated via the classical Tsai and Mao's soft approximation [18] in the experimental analysis. In this approximation the soft TPE contribution is calculated by taking the momentum of one photon as zero both in the numerator and one of the denominators of the propagators. In Ref. [19] , the authors suggest another approximation to estimate the soft TPE contribution. In their estimation, the soft contribution is calculated by taking momentum of one photon as zero only in the numerator. The analytical expressions in the latter method can be get in ep → ep or eπ → eπ. In ep → enπ + process the intermediate pion is off-shell which introduces an additional variable t, the analytical expressions under the above soft approximation are very complex and we do not go to show them. In the practical calculation, we find that the difference between the soft contribution by Tsai and Mao method and the pure IR contribution given by Eq. (8) is small, while the difference between the soft contribution by Tjon method and the pure IR contribution is relatively large. For universality, in the following discussion we subtract the pure IR contribution from the full TPE contribution and define
IV. THE UNPOLARIZED CROSS SECTION
Using the general expression of the amplitudes Eq. (5) and Eq. (6), one can get the expressions of the unpolarized differential scattering cross sections as follows.
where E e ′ is the energy of final electron in the Lab frame, Ω e ′ is the angle of final electron in the Lab frame, Ω π is the angle of pion in the center frame of pion and final proton and we have taken c (1γ) 1 as real. From Eq. (10) one can also see that the contribution from
can be neglected when taking the approximation m e = 0.
The unpolarized cross sections above can be written as
where X refers to 1γ or 2γ,
1−ǫ is the virtual photon flux factor with E e the energy of initial electron in the Lab frame, m p the mass of proton and ǫ the longitudinal polarization of the virtual photon whose definition can be found in the Appendix. According to the dependence on φ π and ǫ, the OPE cross section d 2 σ 1γ un dtdφπ can be separated into four terms as follows.
2π
where the four separated cross sections dσ 1γ L,T,LT,TT /dt shortly written as σ 1γ L,T,LT,TT are only depend on Q 2 , W and θ π .
When one takes m e = 0 in Eq. (10), one can see that the TPE cross section d 2 σ 2γ un dtdφπ has the same form with OPE cross section. After using the variables Q 2 , W, ǫ, θ π and φ π to express the cross section one can see that d 2 σ 2γ un dtdφπ has the same φ π dependence with d 2 σ 1γ un dtdφπ and can also be separated into the same form as Eq. (12) but now the four corresponding separated cross sections σ 2γ L,T,LT,TT are dependent on Q 2 , W , θ π and ǫ.
V. THE NUMERICAL RESULTS AND DISCUSSION
In the practical calculation, we take the input form factor F π (q 2 ) as the monopole from which is used in [20] and [16] .
with Λ = 0.77GeV. We use the packages FEYNCALC [21] and LOOPTOOLS [22] to carry out the analytical and numerical calculations, respectively. For comparison, we take the experiment kinematics in JLab F π [14] with Q 2 = 1 GeV 2 and Q 2 = 1.6 GeV 2 ] is presented in Fig. 4 where the left and right panels are corresponding to Q 2 = 1 GeV 2 and Q 2 = 1.6 GeV 2 , respectively. The (blue) dashed curves and the (olive) dash-dotted curves refer to the results at φ π = π/6 and φ π = π/3 with ǫ = 0.65 or 0.63, the (black) solid curves and the (red) dotted curves are associated with ǫ = 0.33 or 0.27. The results clearly show that the absolute magnitude of TPE corrections Re[c
1,fin /c
1 ] at φ π = π/6 increase when −t increases while the corrections at φ π = π/3 are not sensitive on −t. Another interesting property is that the TPE corrections at very small −t are not sensitive on φ π while the TPE corrections at large −t are sensitive on φ π .
At φ π = π/6, one can see that the TPE corrections at small ǫ are about −4% ∼ −6% at small −t and reach about −7% ∼ −10% at large −t for Q 2 = 1.0 and 1.6 GeV 2 , respectively. The magnitude at small −t and small ǫ is similar with the TPE corrections in eπ → eπ. These properties suggest that the −t dependence of the TPE corrections at small φ π is relatively important.
The −t dependence of the imaginary parts of the TPE corrections Im[c Fig. 6 where θ π is taken as π/18, π/12 and −t is limited within the experimental data sets. The (black) solid curves and the (red) dotted curves refer to the results with θ π = π/18 at Q 2 = 1 and 1.6 GeV 2 , respectively. The (blue) dashed curves and the (olive) dashdotted curves are associated with θ π = π/12. where we have used the property that c 1γ 1 is real. Eq. (14) means that the TPE corrections to the unpolarized cross sections are just 2 times of the real part of the TPE corrections to the coefficient c 1 . After considering this factor 2, one can see that the TPE corrections to the unpolarized cross section at small ǫ, small φ π and Q = 1 GeV 2 can reach about −10% which is not small. Furthermore, the TPE corrections are sensitive on ǫ, φ π and −t or θ π when Q 2 and W are fixed. Generally one can expect that these two properties may result in nontrivial effects when extracting some physical quantities from the angle dependence of differential cross section.
When Comparing with the TPE corrections in e + e − → pp [7] , eπ → eπ [8] , µp → µp [9] , and ep → e∆ → epπ 0 at W = 1232 GeV [10] , we can see that the absolute magnitude of the TPE correction in ep → enπ + are much larger. This property can be understood by the fact that the intermediate pion with four momentum p t ≡ p 5 − p 2 is off-shell which is different from the other processes. Naively if p 2 t = t goes to m 2 π , the TPE corrections to the coefficients should be same with the TPE corrections in the physical process eπ → eπ. C. TPE corrections to separated cross sections σ L , σ T , σ LT and σ TT Experimentally, the separated cross sections σ L , σ T , σ LT and σ TT are usually extracted from the original experimental data dσ Ex un dtdφπ via Eq. (12) and then are used to determine the EM form factor of π + . Since the TPE corrections to the unpolarized cross section are not small and sensitive on the angles, one should be careful in the separation. In this section, we analysis the TPE corrections to the separated cross sections.
When considering the TPE contribution, one has dσ Ex un dtdφ π = dσ ph,1γ
where dσ Ex un dtdφπ refers to the experimental observed cross section, dσ ph,1γ un dtdφπ refers to the physical cross section via OPE, and δ ph,2γ un refers to the physical TPE correction to the cross section.
Since actually we don't known all the dynamics of QCD, the physical dσ ph,1γ un dtdφπ and δ ph,2γ un are difficult to be calculated precisely. While it is a good approximation to assume δ ph,2γ un ≈ δ 2γ un since the most important contributions in the OPE and TPE levels are considered in our calculation, respectively. We can expect that the model dependence of their ratio is much weaker than the absolute magnitude like the ep → ep case where the relative TPE corrections are not sensitive on the input form factors. By this approximation, we have
The current experimental analysis is based the experimental cross section dσ Ex un dtdφπ and Eq. (12) . After considering the TPE contributions, in principle the analysis should be based on the corrected experimental cross section dσ Ex un dtdφπ and Eq. (12) . The comparison between the results from these two analysis can tell us how large the TPE corrections to the separated cross sections σ L , σ T , σ LT and σ TT are.
In the practical analysis, we take two data sets named as ExA and ExB as inputs to do the analysis. In the data sets ExA, we take the experimental extracted σ ExA L , σ ExA T , σ ExA LT and σ ExA TT by JLab F π [14] as inputs to get dσ ExA un dtdφπ at specific ǫ and φ π via Eq. (12) . The corresponding values are listed in Table. I. We take ǫ as 0.33, 0.66 at the low Q 2 , take ǫ as 0.27, 0.63 at the high Q 2 and take φ π from 5 • to 355 • with ∆φ π = 25 • . In the data sets ExB, we use the experimental fitted formula [14] to produce dσ ExB un dtdφπ . For comparison, [14] . Table. II. In this data sets, we take ǫ from 0.33 to 0.65 with ∆ǫ = 0.03 at the low Q 2 , take ǫ from 0.27 to 0.62 with ∆ǫ = 0.035 at the high Q 2 to produce more data points, we also take φ π from 5 • to 355 • with ∆φ π = 25 • . In Table III are always large and even become un-reliable and very sensitive on the input data sets at large −t. The experimental extracted σ L is usually used to determine the pion form factor F π through the Chew-Low method (based on the born term model [23] ) or the Regge model [24] . Our results show that the relative TPE corrections to σ ExA,ExB L reach about −10% ∼ −30% at Q 2 = 1 ∼ 1.6 GeV 2 . This means the relative TPE corrections to the EM form factor of pion are about at the order −5% ∼ −15% and should be considered carefully. At high Q 2 , one can expect the TPE corrections should be much more important and should be considered seriously to extract the EM form factor of pion reliablely.
In summary, in this work the TPE corrections to the amplitude and the unpolarized differential cross section of ep → enπ + are estimated in a hadronic model. The TPE corrections to the extracted four separated cross sections are also analysed based on the experimental data sets. Our results show that at Q 2 = 1 ∼ 1.6 GeV 2 the TPE correction to σ L is about −10% ∼ −30%, and about 20% to σ T .
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with t 0 = (m p − m π − W )(m p + m π − W )(m p − m π + W )(m p + m π + W ),
The expressions of the kinematics are consistent with those used in JLab F π experiment [14] .
